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Abstract 
This paper reports on a finite element analysis of the crack-tip plastic zone and near-tip fields in viscoplastic glassy 
amorphous polymers. The constitutive model employed in this study accounts for the typical shear yielding behavior of 
glassy polymers, i.e., the intrinsic softening upon yielding and the subsequent orientational strain hardening. The small scale 
yielding, boundary layer approach is adopted to model the local finite-strain deformation processes in front of a crack with a 
blunt notch, Numerical[ results show that the shape of the plastic zone near the tip of a Mode I crack in a glassy polymer 
depends sensitively on the combined effect of softening and strain hardening. Softening tends to intensify the plastic 
deformation, while the subsequent hardening tends to depress plastic flow and gives rise to continuous propagation of the 
current plastic zone. "lhus, the plastic zone in typical amorphous polymers is found to be quite different from the HRR 
solution for yielding in hardening metals. It is also found that the distribution of hydrostatic stress, which is probably 
responsible for crazing, is intimately related to the pattern of the plastic deformation i front of the crack tip. 
PACS: 61.41. + e 
Keywords: Polymer; Crack; Plastic zone; Viscoplasticity; Crazing; Shear band; Crack-tip opening displacement 
1. Introduction 
Although amorphous glassy polymers, like 
polystyrene (PS), styrene-acrylonitrile (SAN), poly- 
methyl-methacrylate (PMMA) and polycarbonate 
(PC), usually fail in a rather brittle manner, there is 
an important class of these materials that may also 
undergo substantial plastic deformation. In many 
materials, like in PS, SAN and PMMA, crazing is 
the dominant fracture mechanism (Kramer, 1983), 
but not, for instance, in PC. When crazing is sup- 
pressed, for instance under compressive loading, ma- 
terials such as PMMA, SAN and PC can be de- 
" Corresponding author. Tel.: +31-15-2786500; fax: +31-15- 
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formed to large plastic strains of the order of 100% 
or more by a mechanism that is referred to in the 
polymer community as 'shear yielding'. But also in 
tension, these materials may exhibit plastic flow 
locally near the tip of a crack or near a blunted 
notch. The subsequent shielding by the plastic zone 
can strongly influence the fracture resistance. Craz- 
ing and plastic shearing are usually thought to be 
two coupled mechanisms prior to fracture of most 
glassy polymers. However, recent experiments 
(Yamamoto and Furukawa, 1995; Ishikawa, 1995) 
have shown that craze initiation in some polymers 
does not occur until the crack-tip plastic zone has 
developed to a critical extent. Therefore, a proper 
description of the plastic deformation zone near the 
crack tip is vitally important for the understanding of
the fracture mechanisms in these polymers. As a first 
0167-6636/97/$17.00 Cepyright © 1997 Elsevier Science B.V. All rights reserved. 
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step, this paper will focus entirely on the crack tip 
plastic zone; the competition with fracture mecha- 
nisms is not included here. 
The role of plastic deformation ear crack tips in 
metals has been studied in great detail in the past, 
and to various degrees of sophistication. At the most 
elementary level, the Von Mises and Tresca yield 
criteria employed to the elastic singular field provide 
the mutually similar, kidney-shaped plastic zones in 
front of the tip of a mode I crack. For power-law 
hardening materials, classical small-strain solutions 
for near-tip plastic fields under small-scale yielding 
conditions are due to Hutchinson (1968) and Rice 
and Rosengren (1968) (HRR fields). Finite-strain 
effects under mode 1, leading to blunting of the tip, 
were considered in terms of slip-line fields by Rice 
and Johnson (1970), and the first full-field numerical 
solutions were due to McMeeking (1977). 
However, the interpretation of crack-tip plastic 
deformation i polymers is still at a speculative l vel 
with regard to a detailed understanding. This is 
mainly caused by the fact that polymers exhibit quite 
a different, and in many respects more complicated 
plastic behavior than metals. It has been well recog- 
nized that glassy amorphous polymers exhibit plastic 
deformation below the glass transition temperature 
through the activation of microscopic shear bands, 
giving rise to a macroscopically viscoplastic re- 
sponse. While strain hardening in metals is largest 
right after yield, plasticity in amorphous polymers is 
characterized by softening immediately after yield, 
followed by progressive strain hardening at large 
deformations (e.g., Bowden, 1973), as illustrated 
schematically in Fig. 1. This makes amorphous poly- 
mers highly prone to localization of deformation i  
shear bands. When subjected to shearing deforma- 
tion, as a simple example, a shear band initiates at 
the onset of yielding at a shear stress ~-y. During 
further localization, the shear stress drops to some 
minimum value 7mi n and while deformation inside 
the band continues, stress increases again until it 
reaches a value of ~-y again at 3%. At that point, 
neighboring material will yield and exhibit strain 
localization, so that the shear band propagates 
through the material, with the material inside the 
band experiencing a limited shear of 3%. Under 
prescribed loading, localization involves substan- 
tially enhanced shear ates inside the band, with band 
increasing 'i' 
, ..;'f~' ~ ,  
/ . " . .  . . . . . .  ~" tational 
~min 
Fig. 1. Schematic ofthe shear stress versus hear strain response 
of amorphous glassy polymers. 
propagation taking place at essentially the same band 
strain Yb" The well-known phenomena of neck prop- 
agation in polymers occurs by a similar process. This 
particular constitutive behavior is likely to be an 
important factor influencing the fracture of glassy 
polymers, whereas so far the classical results for 
metals cited above are often directly used or trans- 
planted to fracture problems of polymers (e.g., 
Williams, 1984). Up to now the linkage between the 
crack-tip plastic deformation and the constitutive 
behavior of polymers eems to be lacking. 
These matters are further complicated by the ex- 
perimental difficulty to directly observe the crack-tip 
plastic zone in polymers at practical crack-tip dimen- 
sions. Many studies have been made of the crack tip 
processes in polymer blends, in which the dispersion 
of second-phase particles assist o monitor the defor- 
mation fields. Light microscopy is then able to reveal 
a stress whitened zone near the crack tip, with sizes 
of the order of millimeters. However, such zones are 
usually a compound consequence of local microvoid- 
ing and crazing (Ni et al., 1991), which overlay 
shear bands in front of the crack tip. Unfortunately, 
light microscopy cannot be used to study the plastic 
zones at smaller size scales. Jeong et al. (1994) 
therefore performed four-point bending experiments 
using specimens with millimeter wide notches in 
order to obtain plastic zones at the millimeter range. 
Thus, they observed plastic deformation i the form 
of shear bands, often comprising many fine slip 
lines, in pure epoxy and in rubber-toughened epoxy 
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specimens. Similar plastic zones were observed in 
three-point bending specimens made of polycarbon- 
ate (PC) blended with poly(acrylonitrile-butadiene- 
styrene) (ABS) by Ishikawa (1995). In these studies, 
it was recognized ~Lat craze initiation is related to 
the plastic zone in front of notches. In some glassy 
amorphous polymers (Yamamoto and Furukawa, 
1995) as well as in polymer blends (Ishikawa, 1995), 
craze initiation was found to occur at the tip of the 
plastic zone as soon as the plastic zone reached a 
critical size. 
The objective of this paper is to provide some 
basic understanding of the plastic flow in amorphous 
glassy polymers near crack tips, by way of a numeri- 
cal study of the crack-tip plastic zone and near-tip 
fields under Mode I loading conditions. The local 
deformation processes around a plane strain Mode I 
crack are modelled within the framework of small 
scale yielding using the boundary layer approach. A
finite strain formulation is adopted in order to ac- 
count for the large deformation behavior and crack 
tip blunting. The rate-dependent material response is 
described by a recenl: 3D elastic-viscoplastic consti- 
tutive model (Boyce et al., 1988; Wu and Van der 
Giessen, 1993) that attempts to incorporate the key 
features of plastic flow in amorphous glassy poly- 
mers mentioned above. A parameter study is per- 
formed to examine the effects of softening and hard- 
ening on the local plastic deformation near the crack 
tip. The distribution of mean normal stress (hydro- 
static stress) and the crack-tip opening displacement 
are also discussed. 
2. Material model 
The material model employed in this study is 
based on the 3D elastic-viscoplastic model for 
amorphous polymers proposed originally by Boyce 
et al. (1988) and modified by Wu and Van der 
Giessen (1993). This. model incorporates the initial 
linear elastic response and the rate-dependent yield 
of the material, including the intrinsic softening upon 
yielding, and nonlirLear strain hardening at large 
plastic deformations. We only give a brief recapitula- 
tion of the constitutive model here, using the formu- 
lation in Wu and Van der Giessen (1993, 1996). 
The Eulerian strain rate D is decomposed into an 
elastic part D e and a plastic part D p, 
D=De+D p. (1) 
Assuming the elastic strains to remain small, the 
elastic strain rate D e is described by the hypoelastic 
law 
V 
D e =.E'~-~ ' or, (2) 
in terms of the Jaumann derivative of the Cauchy 
V 
stress tensor or, or = d- - Wor + or W, where W the 
continuum spin tensor. Here, ~ is taken as the 
standard fourth-order tensor of isotropic elastic mod- 
uli with Cartesian components 
2(1 + v) +  'A'I ' 
(3) 
where E is Young's modulus and v is Poisson's 
ratio (G is the corresponding shear modulus). 
According to the Argon (1973) model for plastic 
flow in amorphous polymers, the equivalent plastic 
shear strain rate 4/p due to an applied shear stress r 
is given by [As0( 5,P = 5,0 exp T 1 - (  T)5/6/], 
- "~oI ]J (4) 
where 5'0 and A are material parameters, T is the 
absolute temperature, and so is the material shear 
strength. In order to incorporate the effect of pres- 
sure p on the plastic flow, and the effect of strain 
softening, s o in Eq. (4) is replaced with s + ap with 
a being the pressure sensitivity parameter. The cur- 
rent shear strength s is assumed to evolve with 
plastic straining from its initial value s o at initial 
yield via 
~=h(1 - s / sss )~ p, (5) 
in which h is a material parameter characterizing the 
rate of softening and Ss, is the saturation value of s. 
The shear rate according to Eq. (4) determines the 
plastic strain rate tensor D P through 
DP = "j, PN, (6) 
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where N is the deviatoric part ~ '  of the driving 
stress ~,  normalized by the effective equivalent 
shear stress 7, 
N =-~-~r, "r= ~' .  ~ '  . (7) 
Here, the driving stress ~ is defined by 
(S) 
chain as Ama x = V~.  The principal back stress com- 
ponents in Eq. (10) are given by 
1 
b3-ch  = - -  cR~/ tNha  ..~c~ ~-1 ( l l )  
/3=1 
(12) 
where b is the back stress tensor accounting for the 
strain hardening of the material. 
Strain hardening in amorphous polymers is due to 
the stretching and simultaneous rotation of the 
molecular chains in the underlying network upon 
yield. Following the original suggestion of Haward 
and Thackray (1968), this deformation-induced, so- 
called orientational hardening is described by back 
stress whose description is based on the analogy with 
rubber elasticity. The back stress b is formulated in 
terms of its principal components b~ on the unit 
principal direction e p of the left plastic stretch ten- 
sor, in terms of the corresponding principal plastic 
stretches h,,, as follows: 
b= Eb,,(e~®e~), b,=b~(,X~). (9) 
Ot 
To avoid confusion, principal tensor components and 
the corresponding eigenvectors are denoted with 
Greek indices, for which the summation convention 
is not implied. The description used here, was pro- 
posed by Wu and Van der Giessen (1993) on the 
basis of their description of the fully 3D orientation 
distribution of molecular chains in a non-Gaussian 
network. They showed that their numerical computa- 
tions can be captured very accurately by the follow- 
ing combination of the classical three-chain etwork 
description and the recent Arruda and Boyce (1993) 
eight-chain model: 
_ L8 -  ch  ba=( l - -p )b3-Ch+pv,  (10) 
with p being determined by the maximum plastic 
stretch h = max (A t, A 2, A 3) through p= 
0.85A/v@-. Here, N is a statistical parameter, which 
determines the limit stretch Area x of a molecular 
where C R is a material constant and .S "-t is the 
inverse of the Langevin function SP(/3) = coth/3 -
1//3. As in previous studies (Wu and Van der 
Giessen, 1994, 1995, 1996), it is assumed that the 
elastic strains remain small enough to approximate 
the plastic stretches A,~ to be substituted into Eqs. 
(1 l) and (12) by the total principal stretches. When 
the value of either h,, or he approaches the chain 
limit stretch Amax, the hardening rate provided by the 
increased network stiffness accelerates enormously, 
thereby suppressing effectively all further plastic 
flow, and the network 'locks'. Therefore, when ei- 
ther h,~ or he exceeds 0.99Am~ x, viscoplastic flow is 
disabled (~,P = 0), so that D P= 0 and the instanta- 
neous response becomes fully elastic. Rupture of any 
type is not accounted for in the present model. Also, 
thermal effects on hardening and rate effects through 
self-heating (see, e.g., Arruda et al., 1995) are not 
included here since the computations have been con- 
fined to isothermal situations. 
With Eqs. (1), (2) and (6) the final constitutive 
equations are obtained in the form 
V 
o" =_~O + O'v (13) 
with &v =-~,P(v~'G/~' )~ ' .  This constitutive 
model has been successfully applied to predict many 
aspects of the large plastic deformation behavior of 
glassy polymers observed in experiments. In particu- 
lar, it is capable of describing the initiation and 
propagation of localized shear bands that typically 
occurs in these materials, and which are responsible 
for e.g. neck propagation during tension (cf. e.g., Wu 
and Van der Giessen, 1994, 1995, 1996; Arruda et 
al., 1995). 
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3. Problem definition and method of analysis 
Any actual crack tip has a finite root-radius. Even 
when an initially sharp crack is assumed, the tip of 
the crack will be blunted after a certain amount of 
loading is exerted. Indeed, numerical experiments 
based on initially sh~u-p crack tips showed that severe 
blunting took place in the very early stages of crack 
tip plasticity, leading to a highly distorted mesh. 
Therefore, we consider here an initially blunted crack 
with a root radius r t. Confining attention to the 
framework of smail-scale yielding, the boundary 
layer approach is employed to study the Mode I 
plane strain fields ne, ar a stationary crack. Isothermal 
conditions are assumed. A circular region surround- 
ing the crack tip is considered, where, because of 
symmetry about the,, crack plane, only half of the 
geometry needs to be analyzed, as depicted in Fig. 2. 
The remote elastic field for an applied stress inten- 
sity factor K I is prescribed along the circular arc in 
terms of the displacement components ul, and u 2 in 
the Cartesian frame x i according to 
,<,,/-,- 
ul = 2(1 + v)--~-- f ~-~ cos 2 -  2~,-  cos , 
(14) 





Fig. 2. Geometry ofthe problem studied and f'mite lement mesh 
used in the analysis. (a): outer mesh; (b): inner mesh; (c): near-tip 
mesh. This mesh as 32 elements along the half notch radius. A 
second, refined mesh uses 52 elements instead. 
where r and 0 are polar coordinates with the origin 
located at the crack lip. Loading is prescribed to take 
place at a constant loading rate /~. The remaining 
boundary conditions are traction-free conditions on 
the crack surface and symmetry boundary conditions 
along x 2=0,  x l>0 .  
A finite strain, quasi-static finite element analysis 
of the full-field, near-tip problem is carried out, 
using a Total Lagrangian description of the field 
equations. The fornmlation is similar to that em- 
ployed in previous finite element studies with the 
same material model (Wu and Van der Giessen, 
1994, 1995, 1996). The solution of the problem is 
obtained on the basis of a linear incremental form of 
the virtual work principle. The solution procedure 
employs an equilibrium correction procedure, an 
adaptive time stepping method and makes use of a 
rate tangent form of the constitutive Eq. (13); details 
may be found in (Wu and Van der Giessen, 1996) 
and will not be repeated here. Quadrilateral elements 
are used, each of which is built up of four linear 
velocity, triangular subelements arranged in a 
'crossed triangle' configuration. It is well-known 
that with a proper aspect ratio and orientation these 
elements are well suited to pick up localized defor- 
mation. Fig. 2 shows the finite element mesh used in 
a number of analyses to be presented. This mesh is 
quite refined near the notch, using 32 elements along 
half the notch radius. Most of the results to be 
resented have been obtained with an even finer mesh 
that has 52 elements along the half radius, but with 
otherwise similar characteristics. 
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Table 1 
Material parameters 
Material v E /s  o Sss / S o Aso / T a h /s  o N Ca~so 
A 0.4 9.38 1 79.2 0.08 0 100 0 
B 0.4 9.38 1 79.1 0.08 0 2.8 0.309 
c 0.4 9.38 0.79 79.2 0.08 5.15 2.8 0.132 
D 0.4 9.38 0.45 79.2 0.08 1.10 2.8 0.132 
E 0.4 9.38 0.79 79.2 0.08 5.15 100 0 
4. Results and discussion 
In order to gain an understanding of how the 
constitutive behavior influences the plastic deforma- 
tion processes near the crack tip in glassy polymers, 
a parameter study is presented here. A total of five 
sets of material parameters is considered, as listed in 
Table I. The sets differ mainly in the material pa- 
rameters ~s, h, N and C R that govem the softening 
and hardening characteristics, since these are the key 
features of amorphous polymers. Even though these 
parameters are considered as constants in the model, 
their values for actual materials may depend on 
strain-rate and temperature. Hence, the values in 
Table 1 can be regarded to apply to different materi- 
als or to different conditions. 
The uniaxial stress-strain behavior for each of 
these materials is displayed in Fig. 3 for the purpose 
of reference. Material A is chosen to be the reference 
1.5 . . . .  I . . . .  I . . . .  I . . . .  I ' ' ' ~ I  . . . .  I . . . .  
iB 
- -  / 
SO / ,C 
, /  / 
, /  I 
,//" / i D 
,o . . -  / /  
..,-" / / 
~-,~-~. ....................... ~ ............ ~.,~ .................................... 
"~. . - -  . . . .  ~ / /  A 
0 .5  / ~'-,._..~ ....... .~  " I f  
E 
0.C  , , , , i . . . .  i . . . .  i i . . , i , . , , i , , , , i , , , , 
0,0 0.  I 0 .2  0 .3  I ) .4  0.5  0 .6  0 .7  
E 
Fig. 3. True stress o" versus logarithmic strain e curves in 
uniaxial tension at b = 10 -3 for the different material parameters 
listed in Table 1. 
material, which exhibits elastic perfectly-plastic be- 
havior. Material B exhibits no softening but progres- 
sive hardening after yielding; this gives a uniaxial 
response that is akin to that of some semi-crystalline 
polymers. The constitutive behavior of material C is 
representative of PC at room temperature (T = 294 
K), which undergoes intrinsic softening after yield- 
ing, followed by a progressive strain hardening (apart 
from an inconsequential difference in the value of 
Poisson's ratio v, this parameter set corresponds to 
that used in (Wu and Van der Giessen, 1996)). 
Material D has the same hardening parameters (N 
and CR/So) as material C, but exhibits stronger 
softening due to a smaller value of sss/So (this is 
characteristic of certain grades of SAN). The value 
of h is reduced in order that the initial slope of 
softening, h (1 - So/Ss~), remains the same. Contrary 
to material B, material E is another limiting case 
with the same softening behavior as material C but 
no progressive hardening. It should be noted in Fig. 
3 that the actual yield stress for material E is some- 
what lower than for the others; this is due to the fact 
that this stress level is weakly dependent on C R 
since we assume the back stress to be determined by 
the total stretch. With reference to the schematic in 
Fig. 1, the chosen parameter values scan a range of 
values of the stress drop, Ty-  Tmi n and the shear 
band strain Yb during shearing. 
In all cases, the value of E/s o is chosen on the 
basis of typical values of the yield stress and the 
yield strain in uniaxial tension. Thus, in fact, E is 
not equal to the initial Young's modulus of amor- 
phous polymers since they typically show a small 
strain viscoelastic effect prior to yield, which is now 
'lumped' into a reduced value of so/E (cf. Wu and 
Van der Giessen, 1994). 
Even though the material is essentially rate depen- 
dent, our focus here is not on material rate effects. It 
is assumed here that the material model described in 
the previous section is valid for the whole range of 
strain-rates encountered around the crack tip. With 
this model, a change in the rate of deformation 
primarily influences the shear strength, and thus 
basically leads to a simple vertical shift in the 
stress-strain response of Fig. 3 (see e.g., Wu and 
Van der Giessen, 1994). Hence, the fields are not 
affected much by the applied strain-rate other than 
through a scaling factor. Therefore, all cases have 
J. Lai, E. Van der Giessen / Mechanics of Materials 25 (1997) 183-197 189 
simply used the same value I~i/5'oSof~t = 5.67 × 
10 -16 in Eqs. (14) raad (15). 
To fix ideas, consider a standard single edge 
notched (SEN) specimen of PC with an initial notch 
tip radius of 0.1 mm. Using typical values of 5'0 = 2 
× 1015 s- l and s o --: 97 MPa for PC (from Wu and 
Van der Giessen, 1993), the mentioned normalized 
loading rate corresponds to /~i = 1.1 MPaVrms - l .  
This value is consistent with a displacement rate on 
the order of 10 -4  m/ /s  in the remote region of the 
specimen (about 20 mm from the crack tip), in which 
case isothermal deformation is usually assumed. 
4.1. Plastic zone 
As mentioned before, plastic deformation takes 
place by the initiation and subsequent propagation of 
bands of localized plastic shearing. Therefore, we 
present he numeric~d results of the active crack-tip 
plastic zone by plotting contours of the instantaneous 
plastic shear ate ~P. They are conveniently normal- 
ized by a 'strain rate' quantity/~ defined by 
/~i 
/~= So---~t, (16) 
while all coordinates are normalized by the initial 
root-radius of the notch tip, r t. 
For a material exhibiting elastic perfectly-plastic 
behavior, such as material A, the crack-tip plastic 
zone at a typical level of K 1, is shown in Fig. 4. It 
can seen that this type of material displays a kidney- 
shaped plastic zone around the crack tip, which is 
well known for met~fls. The maximum plastic shear 
rate occurs at the crack tip and extends along the 
crack surface when the load increases. For materials 
with progressively increasing hardening after yield- 
ing, like material B, ~:he outer boundary of the plastic 
zone still resembles that in metals (see Fig. 5). 
However, due to the increasing hardening at the 
crack tip, the plastic shearing at the crack tip de- 
creases with increasing loading and finally dies out. 
As a result, the maximum 5, p propagates from the 
crack tip upwards along the crack surfaces. A com- 
parison of area and magnitude of the plastic zones in 
Fig. 4 and Fig. 5 (note that both snapshots are at 










v-7 -6 -5 -4 -3 ~ -1 0 1 2 3 4 5 6 7 
x 1/r t 
Fig. 4. Crack-tip plastic zone in material B at K I /So~ t = 4.24. 
The bottom half of the displayed region is a simple mirror image 
of the top half that is actually analyzed, in order to better show the 
shear band patterns. 
hardening also tends to depress both extent and 
intensity of the plastic activity near the crack tip. 
Fig. 6 shows the development of the crack-tip 
plastic zone in material C, which exhibits both soft- 
ening and hardening after yielding. The snapshots in 
this figure at three stages of the applied loading 
history show a completely different shape of the 
plastic zone than in materials A and B. The intrinsic 
softening is seen to intensify and localize the plastic 
deformation ear the crack tip, as indicated by the 
relatively sharp shear bands and larger value of the 
maximum plastic shear rate 5, p. Due to the increas- 
ing hardening of the material, the shear bands propa- 
gate away from the tip region, where the plastic 
6 





















1 2 3 4 5 6 7 
xl/r t 
Fig. 5. Crack-tip plastic zone in material B at K I/So~'~ = 4.34. 
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Fig. 6. Crack-tip plastic zones in material C at (a): K R/sovl-q~ = 
1.77, (b): K I /So~ t = 2.75 and (c): K l/So~/-'~t = 4.24. The re- 
sults have been obtained using the fine mesh. 
activity decreases and finally vanishes (cf. Fig. 6a, 
b). With increasing loading, the current plastic zone 
grows in an almost self-similar manner, with the 
origins of the shear bands on the crack surface 
propagating in the negative x~ direction, and the tip 
of the plastic zone (where shear bands cross) moving 
in the forward direction away from the tip. There is a 
slight tendency, however, for the plastic zone to 
become more and more elongated. This is reflected 
in the angle between shear bands. Already at an early 
stage (Fig. 6a), this angle is less than 90 °, and it is 
seen to decrease with increasing load until a value of 
77 ° in Fig. 6c. To fix ideas, the actual value of the 
applied stress intensity factor, using the typical val- 
ues for PC mentioned above, corresponding to Fig. 
6c is K I = 4.11 MPafm'. Although this value is high 
compared with the critical stress intensity factor, 
K c = 2.24 MPav~,  for crack initiation in PC speci- 
mens (Parvin and Williams, 1975), it is still consid- 
ered here, simply for the purpose of studying the 
development of the plastic zone with increased load- 
ing; as mentioned before, actual fracture is not dis- 
cussed here. 
In view of the intrinsic softening of the material C 
(see Fig. 3), it is to be expected that the localization 
of deformation demonstrated above is sensitive to 
the mesh. On the other hand, it should be realized 
that the material response is also rate-dependent, 
which tends to suppress the pathological mesh de- 
pendence of rate-independent solids (see Needleman, 
1988). For quasi-static problems as considered here, 
the strain-rate dependence tends to limit the shear 
band width, by virtue of the fact that the rate-de- 
pendency counteracts he reduction of the shear stress 
within a shear band upon intrinsic softening. These 
matters have been investigated by re-analyzing the 
problem with several meshes. It was found that the 
results, including shear band widths, obtained with 
the fine version of the mesh (used in Fig. 6) agreed 
well with those found with the coarser mesh depicted 
in Fig. 2. The initiation of new shear bands with the 
chosen elements is well-known to be somewhat sen- 
sitive to the orientation of the element diagonals. In 
the present problem with the continuous nucleation 
of new shear bands, it is impossible to ensure opti- 
mal element orientations at all stages. However, we 
have carefully tuned the gradation in the element 
size away from the notch surface so that the mesh 
orientation in the deformed configuration has a small 
influence on the shear band propagation. 
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Let us now consider material D with a stronger 
softening than material C, i.e. a lower value of 
sss/s  o, but with the same hardening parameters as 
material C. A more complicated pattern of the plastic 
zone can be seen in Fig. 7, in which four snapshots 
during the deformation history are included to show 
the development of 1Lhe plastic zone near the crack 
tip with increasing K I. Fig. 7a shows the plastic 
zone at an early stage of the process. One sees that 
the shear bands emanating from above and below the 
crack plane cross over ahead of the tip. As loading is 
increased, these shear bands propagate in qualita- 
tively the same mariner as seen above. However, 
since softening is much stronger for this material 
than for material C, tv¢o new families of shear bands 
get initiated outside of the previous plastic zone at 
some point, as shown in Fig. 7b. At higher loading 
levels, as shown in Fig. 7c, d, even more shear bands 
are activated, giving rise to a ' fan' of active shear 
bands that begins to show some similarity with the 
Rice and Johnson (1970) slip line solutions around a 
blunted crack tip. It is clear from these pictures that 
plastic flow of the material contained inside the 
plastic zone in the vicinity of the crack tip has 
stopped, because of hardening. The development of 
the plastic zone in this case obviously is not in a near 
self-similar manner as before. Although the angle 
between the shear bands near the tip of the plastic 
zone is not well-defined in this case, it seems that the 
angle is very close to 90 ° in Fig. 7a, b, but increases 
with increasing load levels to a value of around 100 ° 
at the stage shown in Fig. 7d. 
From the previous results, we have seen that 
(intrinsic) softening and orientational hardening are 
two counteracting factors influencing crack-tip plas- 
tic deformation. Softening tends to intensify the 1o- 
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Fig. 7. Crack-tip lastic zones in material D at (a): K, /so~ t = 1.37, (b): KJsov~t = 2.18, (e): K,/sofqt = 2.78 and (d): K,/soV~t = 
3.05. The results have been obtained using the fine mesh. 
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calization of plastic deformation, while the increas- 
ing strain hardening depresses the local plastic shear- 
ing process and governs the propagation of shear 
bands. Fig. 4 gives an example of the plastic zone in 
a material where only hardening after yielding is 
present; Figs. 5-7 demonstrate he coupled effect of 
softening and hardening on the plastic deformation 
in front of the crack tip. In order to better examine 
the softening effect, Fig. 8 considers a limiting case, 
material E, which exhibits no hardening but only 
softening after yielding. From the early stages, Fig. 
8a, the plastic zone comprises multiple shear bands. 
More and more new shear bands are activated with 
increasing loading, Fig. 8b, c, but no shear band 
propagation takes place because of the absence of 
hardening. Instead, the deformation i side each band 
continues to accumulate since the value of 3% (see 
Fig. 1) is unbounded. Thus, the stress concentration 
near the crack tip in material E is relaxed by local- 
ization in many shear bands that show a definite 
similarity with slip lines, while in material C all 
plastic relaxation is localized in a single family of 
shear bands. As a consequence, the plastic shear ate 
~/P inside the shear bands in material E remain 
significantly lower than that observed for materials 
D and C in Figs. 7 and 6, respectively. The angle 
between shear bands in material E is roughly equal 
to 100 °, as in material D, independent of the load 
level. Finally we note from Fig. 8 that the formation 
of multiple shear bands leads to the development of
waviness on the notch surface. 
4.2. Mean normal stress 
The types of polymers for which the constitutive 
model used here is applicable, often fail by crazing. 
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Fig. 8. Crack-tip plastic zones in material E at (a): K,/soVIqt = 1.45, (b): K, / so~ t = 2.11, (c): K,/sovI-qt = 2.50 and (d): K i / so~ t 
2.85. The results have been obtained using the fine mesh. 
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Although the crazing mechanism has not been fully 
understood, the mean normal (hydrostatic) stress 
1 tr m = 3tr tr is believed to play an important role in 
the initiation of crazes (e.g. Argon and Hannoosh, 
1977; Kramer, 1983). A thorough study of crazing 
mechanisms in combination or competition with 
plasticity does not seem possible at this stage and is 
outside the scope of this paper. However, it does 
seem pertinent to study the distribution of the mean 
stress in the crack tip region and how it is influenced 
by the plastic deformation. These results may be 
instrumental for ful:ure research into the crazing 
mechanisms in glassy polymers. 
It is not intended! here to show the mean stress 
distributions for all materials considered in the fore- 
going. In view of the plastic zones observed before, 
we consider two typical cases, which lead to the 
single set of shear bands (material C) and multiple 
sets of shear bands (material E), respectively. Fig. 
9a, for material C, shows how the occurrence of 
shear bands relax the. elastic mean stress distribution 
at the tip of the notch. This leaves a mean stress peak 
at some distance ahead of the crack tip, which moves 
as the load increases and the shear bands propagate, 
as shown in Fig. 9b. Careful comparison with the 
shear band patterns in Fig. 6 reveal that the maxi- 
mum value of o- m is located at (or slightly ahead) of 
the location where the shear bands cross. 
Fig. 10 shows the mean stress distributions in the 
material E at the same stages of loading as in Fig. 8. 
Associated with the development of multiple shear 
bands, quite different mean stress distributions are 
observed as in Fig. 9. Initially (Fig. 10a) the maxi- 
mum value of o" m occurs ahead of the tip near the 
intersection of the two main shear bands. As the load 
is increased and new shear bands are being formed, 
mean stress peaks are sometimes found at some 
offset from the crack plane at various crossing loca- 
tions of shear bands, as clearly seen in Fig. 10b, 
while at other stages the peak values are found 
straight ahead of the tip (Fig. 10c). 
To elucidate the process of propagation of the 
mean stress peaks during the loading process, Figs. 
11 and 12 show the: evolution of the distribution 
ahead of the tip along the crack plane for materials C
and E, respectively. The mean stress peak in material 
C is seen in Fig. 11 to steadily propagate in the x t, 
direction, while its value monotonically increases 
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Fig. 9. Distribution of the mean normal stress in material C, 
normalized by the initial shear strength s o, at (a): K I/SoVl~t = 
(b) K I / so~ t = 2.75 (cf. Fig. 6). 1.77, 
and seems to approach a limiting value of around 
1.25s 0 at the last stages shown (corresponding to 
about 2.68 times the original notch radius). Inside 
the plastic zone, very close to the tip of the crack, 
the mean stress fields are akin of the elastic near-sin- 
gular fields. This is to be attributed to the fact that 
the material in that region has been deformed far 
beyond the point marked Yb in Fig. 1, and ap- 
proaches the limit stretch of the entangled molecular 
net-work where the material is taken to lock. Hence, 
the instantaneous behavior of this material is close to 
elastic again, thus explaining the near-singular be- 
havior. The intensity of the 'singular' mean stress 
fields very near the tip are obviously much reduced 
in comparison with the far field intensity by virtue of 
relaxation in the plastic zone. Contrary to this phe- 
nomenology, the maximum value of the mean stress 
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Fig. 11. Mean stress distributions along the crack plane x 2 = 0 in 
material C at various loading stages (cf. Fig. 9). 
stress peak is not defined precisely when multiple 
shear band families are active, as mentioned earlier 
in relation to Fig, 10. It is interesting to note, both 
from Figs. 11, 12 and Figs. 9, 10, that the mean 
stress values at the peak locations in the two materi- 
als at the same load level are the same to a fair 
accuracy. 
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Fig. 10. Distribution of the normalized mean stress in material E 
at (a): K i / so~t  = 1.45, (b): K i / s0 fqt=2.12  and (c): 
K, /So~ t = 2.50 (cf. Fig. 8). 
at any load level in material E, depicted in Fig. 12, 
always occurs at some distance ahead of the crack 
tip. Due to the absence of any hardening, locking of 
the network cannot occur. The location of the mean 
Theoretical as well as experimental work on met- 
als has revealed (cf., e.g. McMeeking, 1977 and 
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Fig. 12. Mean stress distributions along the crack plane x 2 = 0 in 
material E at various loading stages (cf. Fig. 10). 
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Fig. 13. Crack-tip opening displacement S t versus applied J-in- 
tegral, Japp for different materials. Markers indicate the loading 
stages at which the crack-lip plastic zone is displayed previously 
for these materials. 
levels. For material B, the slope of the curve is 
considerably lower than for A, as expected for a 
hardening material (McMeeking, 1977), but also the 
curve deviates more from proportionality. For mate- 
rial C that additionally shows intrinsic softening, the 
slope is in between those of A and B, which demon- 
strates that the opening of the crack is controlled by 
the concurrent actions of softening and strain harden- 
ing within the plastic zone. The t~ t versus  Japp curve 
for material E deviates only slightly from the refer- 
ence material A, even though the stress drop due to 
softening can be of the order of 50% depending on 
strain-rate, as seen in Fig. 3. This can be attributed to 
the fact that the yielded and softened material inside 
the plastic zone has such a low stress-carrying capac- 
ity that the 'effective crack tip', as far as the opening 
of the crack is concerned, coincides with the current 
front of the plastic zone. 
references contained therein) that the crack tip open- 
ing during small-scale yielding is proportional to the 
applied value of the J-integral (Rice, 1968) to a fair 
degree of accuracy. 
Here we examine how the softening and harden- 
ing behavior of glass 3, polymers influence the crack- 
tip opening displacement 8 . Following McMeeking 
(1977), 6t is defined as the distance between the two 
node s lying at the intersections of the straight flank 
and the semicircular tip of the undeformed notch. 
The applied J-integral, Japp, is determined from the 
small-scale yielding expression 
Japp--  (1 -- v2)K?/E. (17) 
Fig. 13 displays the crack opening displacement, 
normalized by the initial crack-tip opening, versus 
Japp for materials A, 1:~, C and E. For small values of 
Japp, the curves for all materials collapse onto a 
single parabolic-like curve, indicating that crack 
opening is dominated by elastic deformations so that 
6 t is proportional to ~l~pp. Clearly, elasticity plays a 
much more important role than in metals since the 
yield strains can be a:~ large as 10% or so (cf. e.g., 
Fig. 3). Apart from this initial curvature, the 6 t 
versus Japp curve for material A (without hardening 
and without softening) is linear up to large load 
5. Conclusions 
The crack-tip plastic zones in glassy polymers 
have been studied in this paper using a constitutive 
model for such materials that incorporates their typi- 
cal softening and hardening behavior. It is found that 
the intrinsic softening makes the shape of the crack- 
tip plastic zone in glassy polymers different from 
that for metals, as contained for instance in the HRR 
field. Softening and hardening are two counteracting 
factors influencing crack-tip plastic deformation. 
Generally speaking, softening tends to intensify the 
localized plastic deformation, while hardening de- 
presses the local plastic shearing process. For materi- 
als with no softening the plastic zone in front of the 
crack tip is qualitatively similar to that in metals, 
even though the hardening response in the two mate- 
rials are different. For polymers with some extent of 
softening and hardening, a single set of shear bands 
initiated at the crack tip will continuously propagate 
and expand in an almost self-similar manner with 
increasing loading, leading to typical plastic zones as 
in Fig. 6b. With sufficiently strong softening or weak 
hardening, the material undergoes plastic deforma- 
tion in front of the crack tip in the form of multiple 
families of shear bands, as shown in Fig. 8c. This 
type of plastic zone shows similarity with the slip- 
lines around blunted crack tips (Rice and Johnson, 
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1970). Both latter types of plastic zones have been 
observed in some polymers (Jeong et al., 1994; 
Ishikawa, 1995). 
Care should be taken, however, in comparing the 
model predictions with experimental results. First of 
all, one needs to be aware of possible two different 
concepts of 'plastic zones'. The experimental visual- 
ization of plastic zones is based on the change in 
birefringence caused by the molecular eorientation 
during previous plastic flow; here, we have used the 
term plastic zone in relation with regions of currently 
active plasticity. Secondly, depending on size scale 
and material, micrographs often show individual mi- 
cro shear bands that are organized in more macro- 
scopic bands (e.g., Jeong et aL, 1994). The contin- 
uum model used in this study can at best given a 
continuum representation f micro shear bands and 
describe their collective behavior (note from Eq. (7) 
that plasticity is determined by a modified J2-1ike 
stress invariant z). The model-based shear bands 
obtained here should be interpreted as such macro- 
scopic bands; any internal structure in the bands 
cannot be resolved. 
An interesting property of  the plastic zone ob- 
served here is the angle between crossing shear 
bands. As pointed out by Jeong et al. (1994), the 
angle between slip lines around a notch is 90 ° ac- 
cording to the classical solution (Rice and Johnson, 
1970) for a pressure independent material, but is 
reduced (under tensile loading) by an amount sin- ~ a 
for pressure dependen! ,materials with pressure de- 
pendence parameter a. For the value a = 0.08 used 
in all computations reported here, this angle is re- 
duced by 4.6 °. The present computations indicate a 
more complex phenomenology where the change in 
angle between shear bands depends on the softening 
and hardening parameters, and can either be positive 
or negative. In a case that led to a single family of 
shear bands, Fig. 6, the angle was smaller than 90 ° 
by an amount of around 13 ° , whereas cases with 
stronger softening or les s hardening leading to multi- 
ple shear bands, the angle was larger by around 10 °. 
In relation to the role of crack tip plasticity during 
failure of polymers, this study has demonstrated two 
aspects. First of all, it has been found that the 
distribution of mean normal stresses is intimately 
related to the pattern of plastic deformation i  front 
of the crack. The maximum mean stress is found to 
occur near the tip of the plastic zone where shear 
bands cross, i.e. at some distance ahead of the tip. 
This agrees qualitatively with the position at which 
crazes have been observed to initiate experimentally 
in amorphous polymers (Yamamoto and Furukawa, 
1995) and in polymer blends (Ishikawa, 1995). The 
level of this peak mean stress 0-r~ increases with 
increasing remote loading, up to a value of about 
1.25s 0 for typical material parameters (material C). 
This seems to be lower than the typical values found 
for metal plasticity by McMeeking (1977). In mak- 
ing the comparison it should be realized that the 
present material model accounts for rate-dependent 
flow: for very high strain rate, the Von Mises yield 
stress o- 0 approaches ~/3-s 0 (neglecting pressure sen- 
sitivity) so that the steady state mean stress is only 
0.70-0; for the strain rate in Fig. 3 we see that 
0-0 = 0.7s0 so that 0-m = 1.8 0-0" This deviation from 
McMeeking's (1977) result is to be attributed to the 
localized plastic flow, which tends to reduce the 
constraints responsible for the relatively high mean 
stress in hardening solids. The effect is only mildly 
related to the pressure sensitivity of the material; 
Jeong et al. (1994) have developed the slip line 
solution for pressure sensitive materials, which im- 
plies that the maximum mean stress is reduced by 
only 15% when a pressure dependence of a = 0.08 
is introduced. Secondly, in materials that show strain 
hardening following the intrinsic softening, we find 
that 'locking' takes place in the material next to the 
notch tip which has previously deformed plastically 
and is now contained inside the plastic zone. In that 
case, when moving away from the tip of the notch, 
we first encounter a plasticity-free zone before reach- 
ing the plastic zone. This is in a sense analogous to 
the idea of a dislocation-free zone that has been 
advanced for metals by Suo et al. (1993). Obviously, 
this locked region is shielded from the remote lastic 
field by the plastic zone, but severe stress concentra- 
tion takes place. It is conceivable that these stress 
concentrations lead to cleavage fracture in materials 
that are sufficiently resistant to crazing. 
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